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Abstract—The continuous memristor models have been applied
to various chaotic circuits. However, the discrete memristor mod-
els and their applications to discrete maps haven’t attracted
much attention, yet. In this brief, we first present a discrete
memristor model and analyze its characteristics. By coupling the
model into the Logistic map, a memristive Logistic map is further
achieved. Due to the existence of line fixed point, the memris-
tive Logistic map can be unstable or critically stable, depending
on its control parameters and initial state. Using several analy-
sis methods, we study the control parameters-relied dynamical
behaviors of the memristive Logistic map and disclose its hyper-
chaotic attractors. The numerical results show that the discrete
memristor can efficiently improve the chaos complexity in the
Logistic map. In addition, digital experiments are designed to
validate the numerical results.

Index Terms—Digital experiment, discrete memristor, fixed
point, hyperchaos, memristive logistic map.

I. INTRODUCTION

CHAOTIC behaviors can be displayed by continuous oscil-
lation systems or discrete iterative maps [1]–[3]. To

achieve chaotic oscillations, a dynamical system must have
one or more nonlinear terms, which include the polynomial,
absolute value, trigonometric, and exponential terms and so
on. Thus, the nonlinear terms play a significant role in gen-
erating chaotic oscillations. However, these nonlinear terms
usually involved in chaotic oscillations do not contain any
inner states. As a fundamental circuit element [4], the memris-
tor owns a special nonlinearity and its nonlinear memristance
or memductance is controlled by the electric charge or mag-
netic flux [5]. With an inner state, the memristor is entirely
different from the traditional nonlinear elements and it can be
used to construct numerous oscillating circuits for achieving
complex chaotic oscillations [6].

A hyperchaotic system has at least two positive Lyapunov
exponents, while a normal chaotic system has only one.
Thus, the hyperchaos usually has more complex dynamics
than the normal chaos and it is more applicable for many
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chaos-based security applications [7]. To achieve the hyper-
chaotic behavior, a continuous system should have more
than four dimensions, while a discrete map needs only two
dimensions [8]. Thus, compared with the continuous system,
the discrete map has simpler algebraic structure [9] and higher
calculation efficiency. This is suitable for many applications
with limited resources [7], [10]. Except for several specially
designed two-dimensional (2D) discrete maps [9], [11], how-
ever, most 2D discrete maps cannot achieve hyperchaotic
oscillations [12], [13]. In brief, generating hyperchaos in a 2D
discrete map with simple algebraic structure is an interesting
and meaningful research topic in the field of chaos theory and
its application [14].

Recently, a discrete memristor with cosine memductance
was derived from a continuous memristor using a forward
Euler difference algorithm [9]. Then, several 2D memristive
discrete maps were presented through introducing the discrete
memristor into some well-known one-dimensional (1D) dis-
crete maps [15]. Because the cosine memductance designed
in [15] are bounded above and below, the discrete memristor
can be easily coupled into existing discrete maps. Different
from the discrete memristor with cosine memductance, this
brief presents a charge-controlled discrete memristor model
with quadratic memristance. It is similar with the continu-
ous flux-controlled memristor owning quadratic memductance
in [16]. By coupling the presented discrete memristor into the
1D Logistic map [17], a 2D memristor-coupled Logistic map
with a line fixed point is then achieved. Numerical analyses
and experimental results show that the 2D memristive map is
hyperchaotic. Thus, it is an effective method to enhance the
chaos complexity of the Logistic map by coupling a discrete
memristor into the map.

II. MEMRISTOR DISCRETE MODEL

This section first presents a discrete memristor
model with quadratic memristance using a forward
Euler difference algorithm, and then demonstrates its
characteristics.

Presented by Professor Chua in [18], the continuous mem-
ristor model with quadratic memristance is written as

v(t) = M(q)i(t) = [a + bq2(t)]i(t),

dq(t)/dt = i(t), (1)

where i(t) and v(t) represent the input current and output
voltage, respectively, q(t) denotes the inner charge while
M(q) = a + bq2(t) is the quadratic memristance with two
inner control parameters a and b. Similar to the continuous
memristor owning quadratic memductance reported in [16],
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Fig. 1. Characteristics of the discrete memristor when being applied to a dis-
crete sinusoidal current in = H sin(ωn), where a = −1 and b = 1. (a) Current
and voltage sequences. (b) Frequency-depended loci. (c) Amplitude-depended
loci. (d) Initial state-depended loci.

the continuous memristor described in (1) can also show a dis-
tinct hysteresis loop pinched at the origin when being applied
a continuous sinusoidal current.

Assume that in, vn, and qn stand for the sampling points
of i(t), v(t), and q(t) at the unit time n, respectively. Using
the same strategy for discretizing a continuous memris-
tor model [7], a discrete memristor model can be yielded
by discretizing the charge-controlled memristor described in
(1) using the forward Euler difference algorithm as

vn = M(qn)in = (a + bq2
n)in,

qn+1 = qn + �T · in, (2)

where qn+1 represents the sampling point of q(t) at the unit
time (n + 1) and �T indicates the step size in each unit time.
Generally, set �T = 1. The discrete model in (2) can also
be considered as a discrete memristor. Obviously, this discrete
memristor owns a special nonlinearity with an inner state qn.

To quantitatively show the characteristics of the discrete
memristor, a discrete sinusoidal current in = H sin(ωn) is
added to the memristor. Denote the inner control parame-
ters of the discrete memristor as a = −1 and b = 1. For
H = 0.2, ω = 0.1, and q0 = 0, Fig. 1(a) depicts the input
in and the related output vn with respect to the iteration num-
ber. For ω = 0.1, 0.2, and 0.4 with H = 0.2 and q0 = 0,
the frequency-depended loci in the in − vn plane are plotted
in Fig. 1(b). For H = 0.1, 0.2, and 0.3 with ω = 0.1 and
q0 = 0, the amplitude-depended loci in the in − vn plane are
given in Fig. 1(c). Moreover, for q0 = 1, 0, and −1 with
H = 0.2 and ω = 0.1, the initial state-depended loci in the
in − vn plane are illustrated in Fig. 1(d). The numerical results
in Fig. 1(b)-(d) can perfectly display the elegant hysteresis
loops pinched at the origin [18].

In addition, the initial state-depended loci also prove that
the discrete memristor can embody the memory effect. The
change of the initial state will cause the difference of the local
active property, which can result in complex dynamics when
the discrete memristor is coupled into discrete maps.

III. MEMRISTOR-COUPLED LOGISTIC MAP

The well-known Logistic map is a 1D discrete map with one
control parameter [17]. It has simple algebraic structure. With
the fast development of artificial intelligence (AI), researchers
found that the short-term behaviors of some chaotic behav-
iors can be estimated using AI if the chaotic oscillation has
a simple algebraic structure [19]. For example, the short-
term behaviors of the Logistic map can be predicated using
multilayer perceptions and partially recurrent nets [20].

To improve the chaos complexity of the Logistic map,
a memristor-coupled Logistic map, also called memristive
Logistic map for short, is presented by coupling the discrete
memristor described in (2) into the Logistic map. Thus, the
memristive Logistic map can be modeled as

xn+1 = μ(1 − xn)xn + k(a + bq2
n)xn,

qn+1 = qn + xn, (3)

in which xn and μ represent the input and control parameter of
the Logistic map, respectively, and k stands for the coupling
parameter between the discrete memristor and Logistic map.

Because of the involvement of the discrete memristor, the
memristive Logistic map has two dimensions and its alge-
braic structure becomes more complex, which results in the
appearance of complex dynamics herein.

The fixed point theory can be used to analyze the stability
of a discrete map. The fixed point (x̃, q̃) of the memristive
Logistic map can be solved from the following equations

x̃ = μ(1 − x̃)x̃ + k(a + bq̃2)x̃,

q̃ = q̃ + x̃, (4)

Obviously, the memristive Logistic map has a line fixed point
and the line fixed point is demonstrated as

S = (x̃, q̃) = (0, η), (5)

where η is an arbitrary constant, determining by the initial
position of the inner state q. Accordingly, the Jacobian matrix
of the memristive Logistic map at S is given by

J =
[

μ + k(a + bη2) 0
1 1

]
. (6)

And its characteristic polynomial can be obtained as

P(λ) = (λ − 1)[λ − μ − k(a + bη2)], (7)

Therefore, two eigenvalues λ1 and λ2 can be calculated as

λ1 = 1, λ2 = μ + k(a + bη2). (8)

If |λ1| < 1 and |λ2| < 1, the line fixed point S is stable;
otherwise it is unstable. As can be observed from (8), λ1 = 1,
while λ2 is depended on the control parameters μ and k as
well as the initial state η and inner control parameters a and
b of the discrete memristor. Consequently, the line fixed point
of the memristive Logistic map can be unstable or critically
stable.

When a = −1 and b = 1 are employed, the critically stable
region of the initial state η can be calculated from (8) as√

k − (μ + 1)/k < |η| <
√

k − (μ − 1)/k. (9)

If the initial state η falls into the above region, the memristive
Logistic map asymptotically tends to a stable point; otherwise
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Fig. 2. For fixed a = −1, b = 1, and (x0, q0) = (0.5, 0.5), com-
plex dynamical behaviors of the memristive Logistic map in the k − μ

parameter plane. (a) 2D bifurcation plot according to the cycle number of
iterative sequences. (b) 2D dynamical map by computing the LLE of iterative
sequences.

it generates either a limit cycle or a chaotic attractor. Thus,
the phenomenon of coexisting attractor with bi-stability can
occur in the memristive Logistic map.

IV. HYPERCHAOS IN MEMRISTIVE LOGISTIC MAP

To exhibit the dynamics of the memristive Logistic map,
we study its control parameters-relied dynamical behaviors in
terms of the bifurcation plot, dynamical map, and phase plane
plot. The inner parameters of the discrete memristor are set
as a = −1, b = 1, and the initial states of the memristive
Logistic map are fixed as (x0, q0) = (0.5, 0.5).

A. Two-Dimensional Parameters-Relied Dynamics

A bifurcation plot is drawn in the 2D parameter plane
by detecting the cycle number of a discrete map’s iterative
sequences [21]. Fig. 2(a) paints the bifurcation plot of the
memristive Logistic map for k ∈ [1.2, 2] and μ ∈ [−0.4, 0.4].
The parameter areas are painted using different colors accord-
ing to the cycle number of iterative sequences. Specifically, the
white denotes the unbounded behavior, the red labeled by CH
denotes the chaos, the orange labeled by MP denotes the multi-
period, the dark-blue labeled by SP denotes the stable point,
and the other colors labeled by P2, P3, to P8 denote period-2,

Fig. 3. For fixed a = −1, b = 1, μ = 0.1, and (x0, q0) = (0.5, 0.5),
the bifurcation plots of the output x and q (bottom) and the corresponding
LEs (top) with the increment of the coupling parameter k.

period-3, to period-8, respectively. It is easily observed that
the painted colors change from blue (period-2), to cornflower
blue (period-4), further to yellow (period-8), and ultimately to
red (chaos), implying the occurrence of the period-doubling
bifurcation. Besides, the periodic windows for period-4 and
period-7 can be observed in the parameter plane.

A dynamical map can be depicted in the 2D parameter plane
by computing its largest Lyapunov exponents (LLEs) [22].
Fig. 2(b) describes the LLEs of the memristive Logistic map
under the same parameter areas of the 2D bifurcation plot in
Fig. 2(a) and different LLEs are painted as different colors.
The positive LLE areas are marked as the yellow-red-brown
and a positive LLE denotes chaos, the zero LLE areas are
marked as the dark-yellow and a zero LLE denotes stable
point, and the negative LLE areas are marked as the black-
cyan-blue and a negative LLE denotes period. Hence, the
dynamical map in Fig. 2(b) can also be used to character-
ize the dynamical behaviors of the memristive Logistic map
and it is an effective supplementary of the bifurcation plot in
Fig. 2(a). Note that the areas marked as white represent the
unbounded behavior.

In brief, the memristive Logistic map can show complex
dynamical behaviors that are completely depended on the
coupling parameter k and control parameter μ.

B. Bifurcation Behaviors and Hyperchaotic Attractors

When exploring the bifurcation behaviors of the memristive
Logistic map, we preset the control parameter μ = 0.1 and the
coupling parameter k as a variable parameter. Fig. 3 displays
its bifurcation plots and Lyapunov exponents (LEs) with the
increment of k. Here, the Wolf’s Jacobian algorithm is used to
calculate the LEs. As shown in Fig. 3, the memristive Logistic
map exhibits hyperchaotic behavior in a relatively wide param-
eter region and displays complex dynamics including stable
point, period, chaos, hyperchaos, and periodic windows. In
addition, with the increment of k, the memristive Logistic map
has a period-doubling bifurcation route.

Two groups of parameter settings are chosen from different
color areas in Fig. 2. The phase plane plots of the memristive
Logistic map under these parameter settings are numerically
simulated and displayed in Fig. 4. Observed from Fig. 4, two
types of hyperchaotic attractors and their iterative sequences
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Fig. 4. For two typical groups of parameter settings, the phase plane plots and
iterative sequences of the hyperchaotic attractors of the memristive Logistic
map. (a1) Phase plane plot and (a2) iterative sequences for μ = 0.1, k = 1.88.
(b1) Phase plane plot and (b2) iterative sequences for μ = −0.1, k = 1.68.

TABLE I
PERFORMANCE FOR HYPERCHAOTIC ATTRACTORS GIVEN IN FIG. 4

are obtained. Obviously, the iterative sequences have irregular
motions.

Besides, we also evaluate the performance indicators of two
hyperchaotic attractors generated by the memristive Logistic
map in Fig. 4. These performance indicators mainly include
the LEs (LE1, LE2), spectral entropy (SE) [22], permutation
entropy (PE) [23], and correlation dimension (CorDim) [24].
The length of the used hyperchaotic sequences is 105 and
Table I lists the calculation results of the performance indi-
cators. It shows that the hyperchaotic attractors have good
performance indicators, which means that the memristive
Logistic map is suitable for many chaos-based security appli-
cations. This implies that the introduced discrete memristor
can improve the chaos complexity of the Logistic map.

C. Attraction Basins and Coexisting Attractors

To measure the bi-stable behaviors of the memristive
Logistic map, the basin of attraction is employed to clas-
sify the initial state regions following different oscillation
behaviors [25]. For two typical groups of parameter settings,
the basins of attraction are colorfully labeled by detecting
every initial state in the x0 − q0 plane and drawn in Fig. 5(a1)
and (b1). The cyan, blue, and white areas represent the initial
state regions that can trigger the hyperchaotic attractor (HCA),
stable point attractor (SPA) and unbounded behavior, respec-
tively. Thus, the memristive Logistic map is bi-stable and can
generate coexisting hyperchaotic and point attractors.

According to the critically stable region shown in (9), the
line fixed point of the memristive Logistic map with the
given parameter settings can be unstable or critically stable

Fig. 5. The bi-stability phenomena in the memristive Logistic map for two
groups of parameter settings. (a) For μ = 0.1, k = 1.88, the basin of attraction
(a1) and coexisting attractors (a2). (b) For μ = −0.1, k = 1.68, the basin of
attraction (b1) and coexisting attractors (b2).

at different memristor initial states. When the memristor ini-
tial state is within the critically stable region, the memristive
Logistic map may also generate a SPA that is coexisted with
a HCA. This indicates that the memristive Logistic map can
emerge the bi-stability phenomenon of coexisting hyperchaotic
and point attractors.

Besides, Fig. 5(a2) and (b2) demonstrate the phase plane
plots of coexisting hyperchaotic and point attractors for two
typical groups of parameter settings. The hyperchaotic attrac-
tor in Fig. 5(a2) begins with the initial state within the whole
cyan region of Fig. 5(a1); whereas the four point attractors
in Fig. 5(a2) with different positions separately starts from
four initial states within four disconnected blue regions in
Fig. 5(a1). Similarly, the coexisting hyperchaotic and point
attractors in Fig. 5(b2) start from different attraction regions
in Fig. 5(b1). The results in Fig. 5(a) and (b) verify the
emergences of bi-stability in the memristive Logistic map.

V. VALIDATION BY DIGITAL EXPERIMENTS

Since the memristive Logistic map is a discrete dynamical
system, it is more convenient and simpler to implement it in
a digital hardware platform than in an analog hardware plat-
form. So to validate the numerical results of the memristive
Logistic map, we design digital experiments on a hard-
ware platform. The hardware platform consists of one 32-bit
STM32F407 microcontroller, two 12-bit TLV5618 D/A con-
verters, and some peripherally-linked circuits. According to
the discrete memristor model in (2) and memristive Logistic
map in (3), we first code their expressions to be executable
programs using C language and then load the programs to the
microcontroller. All the control parameters and initial states
are preloaded to the hardware platform. When turning on the
power supply, the voltage signals can be displayed by a digital
oscilloscope.

Following the results in Fig. 1, the characteristics of the
discrete memristor are experimentally captured in Fig. 6.
Similarly, according to the results in Fig. 4(a2) and (b2),
the hyperchaotic voltage sequences for two groups of control
parameter settings are displayed in Fig. 7. The digital
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Fig. 6. The experimentally captured characteristics of the discrete mem-
ristor. (a) Current and voltage sequences. (b) Frequency-depended loci.
(c) Amplitude- depended loci. (d) Initial state-depended loci.

Fig. 7. The experimentally displayed hyperchaotic voltage sequences of
the memristive Logistic map for two typical groups of parameter settings.
(a) μ = 0.1, k = 1.88. (b) μ = −0.1, k = 1.68.

experiments perfectly validate the numerical results, which
manifest the feasibility of the hardware platform for the
presented discrete memristor and memristive Logistic map.

VI. CONCLUSION

Because of the special nonlinearity, a memristor can induce
complex dynamical behaviors to an oscillation circuit. To
investigate the memristor effect in improving the complexity
of discrete map, this brief first constructed a discrete memris-
tor model and then achieved a 2D memristive map by coupling
the model into the Logistic map. The unique characteristics of
the discrete memristor were quantitatively demonstrated and
the stability of the 2D memristive Logistic map was theo-
retically analyzed. The study results proved the effect of the
discrete memristor in improving the chaos complexity and
showed that the 2D memristive Logistic map can produce
hyperchaotic attractors with excellent performance indicators.
Besides, digital experiments were performed to validate the
numerical results. With complex dynamics, the applications of
the achieved memristive Logistic map are worth investigating.
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