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Abstract—Continuous memristor has been widely used
in chaotic oscillating circuits and neuromorphic com-
puting systems. However, discrete memristor and its
coupling discrete map have not been noticed yet. This ar-
ticle presents a discrete memristor and constructs a gen-
eral two-dimensional memristive map model by coupling
the discrete memristor with an existing discrete map. The
pinched hysteresis loops of the discrete memristor are
demonstrated. Four examples of memristive discrete maps
are provided and their coupling strength-relied and mem-
ristor initial-boosted complex dynamics are investigated
using numerical measures. The evaluation results manifest
that the discrete memristor can enhance the chaos com-
plexity and its coupling maps can generate hyperchaos.
Particularly, the hyperchaotic sequences can nondestruc-
tively be controlled by memristor initial state and the initial-
controlled hyperchaos is robust, which is applicable to
many chaos-based applications. Additionally, we develop a
hardware platform to implement the memristive maps and
acquire the four-channel hyperchaotic sequences. We also
apply the memristive maps to the application of secure
communication and the experiments show that the mem-
ristive maps display better performance than some existing
discrete maps.

Index Terms—Chaos, discrete memristor, hardware plat-
form, hyperchaotic sequence, memristive map, secure
communication.

I. INTRODUCTION

M EMRISTOR can be treated as an organic link between
the electric field and magnetic field in the quasistatic
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expansion of well-known Maxwell’s equations [1]. As a special
nonlinear circuit component, the resistance or conductance of
the memristor can be memorized by regulating the electric
charge or magnetic flux [2]. Actually, the electric charge and
magnetic flux are the internal attributes for characterizing the
basic circuit components [3]. Because of this special nonlinear-
ity, the memristor brings a new direction for the development
of chaotic oscillating circuits and their physical applications
[4], [5]. Meanwhile, with the synaptic plasticity, the memristor
is becoming a basic building block for the implementation of
neuromorphic computing systems [6], [7].

Chaotic behaviors can be demonstrated using various con-
tinuous and discrete nonlinear dynamical systems under spe-
cific control parameters and initial states [5]. A chaotic sys-
tem generally has many characteristics, including initial state
sensitivity, topological transitivity, and periodic orbit density
[8], [9]. Thanks to these unique characteristics, the chaotic
systems have been deeply studied in academic fields [10]–[12]
and extensively applied in industrial fields [13]–[16]. Usually
taken as a nonlinear circuit component, the memristor can be
readily employed into various existing dynamical circuits and
systems to generate complex chaotic oscillations. Many research
reports have pointed out that the initial-dependent multistability
with coexisting multistable states is relatively easy to emerge in
these memristor-based circuits and systems due to the existence
of memristors [4], [5].

Multistability, i.e., the coexistence of multiple disconnected
attractors, is an intrinsic property of many nonlinear dynamical
systems [17]. Some examples of such nonlinear dynamical
systems include the initials-dependent dynamical system [18],
locally active memristor-based chaotic circuit [19], memristive
neuron model with threshold electromagnetic induction [20],
simple offset-boostable chaotic system [21], two-dimensional
(2-D) sine map with initials-boosted coexisting chaos [11], and
multilevel-controlled dc–dc converter [22]. For a chaotic system
with multistability, its long-time motion behavior is essentially
different and relies on which attraction basin the initial state
belongs to. The coexisting multiple-stable states can provide a
great flexibility for many chaos-based applications [5]. But it is
meaningful to appropriately control the multistability such that
the chaotic system can work in a desired steady state.

Because of the existence of infinite equilibrium points, two
approaches of achieving the multistability were presented by
introducing memristors into the dynamical circuits or systems
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[5] and by drawing periodic functions into the offset-boostable
systems [21]. Recently, a new mixed approach was proposed
by introducing memristors with sine/cosine memductances into
the offset-boostable dynamical systems [23]. However, all these
approaches were applied to continuous dynamical systems. So
applying these approaches to achieving the multistability to
discrete maps is attractive. More recently, we discussed how
to discretize the continuous memristor by sampling switch [24],
and obtained a preliminary and beneficial idea for the discretiza-
tion of the continuous memristor. Inspired by these scientific
considerations, this article presents a discrete memristor and
constructs a general 2-D memristive map model by coupling the
discrete memristor with an existing 1-D discrete map. Similar
to the dynamical effects reported in [25], four examples of
the general 2-D memristive map model are provided to exhibit
that the discrete memristor can effectively enhance the chaos
complexity of the 1-D discrete map.

In fact, the nanoscale implementation of memristors has led
to considerable interest in academic and industrial fields [26].
As with the continuous memristor, the newly presented discrete
memristor can be broadly used in the chaotic oscillations and
neuromorphic computations as well. As a result, designing the
discrete memristor-based hyperchaotic maps is a research topic
with theoretical significances and application values. Besides,
to implement these memristive maps, a hardware platform is
developed and the four-channel hyperchaotic sequences are ac-
quired. To explore the application in secure communication, the
presented memristive maps are applied to design the reference-
modulated differential chaos shift keying (RM-DCSK) [27].
Performance analyses show that the RM-DCSK using these four
2-D memristive maps has much smaller bit error rates (BERs)
than using some 1-D chaotic maps.

The rest of this article is organized as follows. Section II
presents a discrete memristor and constructs a general 2-D
memristive map model. Section III studies four examples of the
memristive maps and evaluates the performance of the generated
hyperchaotic sequences. Section IV elaborates the mechanism
of memristor initial-boosted dynamics and obtains the mem-
ristor’s initial-controlled hyperchaotic sequences. Section V
implements the memristive hyperchaotic maps in a hardware
platform and Section VI applies them to the application of secure
communication. Finally, Section VII concludes this article.

II. DISCRETE MEMRISTOR AND ITS COUPLING MAPS

This section presents a discrete memristor with cosine mem-
ristance and constructs a general 2-D memristive discrete map
model by coupling the discrete memristor with an existing 1-D
discrete map.

A. Discrete Memristor With Cosine Memristance

Following the definition of continuous-time memristor
dubbed by Chua in [2], an ideal charge-controlled memristor
for the current i(t) and voltage v(t) is characterized by

v(t) = M(q) · i(t) = cos q(t) · i(t)
dq(t)/dt = i(t) (1)

Fig. 1. Discrete memristor property when applying the current in =
A sin(ωn). (a) Input and output iterative sequences at A = 0.1, ω =
0.1, and q0 = 0. (b) Stimulus frequency-dependent pinched hysteresis
loops for ω = 0.1, 0.2, and 0.4 with fixed A = 0.1 and q0 = 0. (c)
Stimulus amplitude-dependent pinched hysteresis loops for A = 0.05,
0.1, and 0.2 with fixed ω = 0.1 and q0 = 0. (d) Initial state-dependent
pinched hysteresis loops for q0 = 0.5, 0, and –0.5 with fixed A = 0.1 and
ω = 0.1.

where q is an inner charge variable and M(q) = cos q(t) is a
periodically varied memristance function. Similar to the ideal
flux-controlled memristor with the cosine memductance re-
ported in [23], the charge-controlled memristor in (1) can exhibit
a pinched hysteresis loop when applying a bipolar sinusoidal
current.

Denote in, vn, and qn as the values of current i(t), voltage
v(t), and charge q(t) at the nth iteration, respectively. Based on
the forward Euler difference method and preliminary idea for
discretizing continuous memristor [24], the constitutive relation
of the memristor given in (1) can be converted into

vn = M(qn) · in = cos qn · in
qn+1 = qn + h · in (2)

where qn+1 is the value of charge q(t) at the (n+1)th iteration
and h is an iteration step size. Without the loss of generality,
denote the iteration step size as h = 1. Therefore, a discrete
memristor with cosine memristance can be modeled by (2).

To demonstrate the property of the discrete memristor in
MATLAB environment, we take a discrete sinusoidal current
in = A sin(ωn) as the terminal input of the discrete memristor.
By fixing A = 0.1, ω = 0.1, and q0 = 0, the iterative sequences
of the input in and output vn are together plotted in Fig. 1(a).
By fixing ω = 0.1, 0.2, and 0.4, and A = 0.1and q0 = 0 as well
as A = 0.05, 0.1, and 0.2, and ω = 0.1 and q0 = 0, the stimulus
frequency- and amplitude-dependent pinched hysteresis loops in
the in–vn plane are simulated in Fig. 1(b) and (c), respectively.
Furthermore, by fixing q0 = 0.5, 0, and –0.5, and A = 0.1 and
ω = 0.1, the inner initial-dependent pinched hysteresis loops
in the in–vn plane are depicted in Fig. 1(d). These numerical
results, as given in Fig. 1, perfectly exhibit the unique property
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Fig. 2. Structure of the general 2-D memristive map model.

of the discrete memristor that behaves like a memristor in the
continuous-time domain [5].

Besides, it is critical that the initial state-dependent pinched
hysteresis loops also embody the memory effect of the discrete
memristor. With the change of the initial state, the local activ-
ity of the discrete memristor is varied, which can impact the
dynamical behaviors of its coupling discrete maps.

B. Two-Dimensional General Memristive Map Model

The logistic map, sine map, and tent map are three well-
known 1-D discrete maps. Under typical parameter settings,
they can display chaotic behaviors. However, they have simple
system structures and their chaotic behaviors thereby may be
predicted [28].

To enhance the chaos complexity of these 1-D discrete maps,
a general 2-D memristive map model is newly constructed by
coupling the discrete memristor given in (2) and an existing 1-D
discrete map. Its system structure is shown in Fig. 2, in which
F(μ, xn) represents an existing 1-D discrete map with a control
parameter μ, and k denotes the coupling strength between the
discrete memristor and existing 1-D discrete map. Using such a
system structure, some 2-D memristive maps can be derived.

With the system structure in Fig. 2, one can obtain the math-
ematical equations of the general 2-D memristive map model,
which is described as

xn+1 = F (μ, xn) + k cos qn · xn

qn+1 = qn + xn. (3)

Using (3), the 2-D memristive discrete maps can be yielded by
coupling the discrete memristor with some existing 1-D discrete
maps. This method is simple but very effective. It can greatly
enhance the chaos complexity of these existing 1-D discrete
maps and thereby results in the occurrence of complex dynamics
in the presented memristive discrete maps.

The stability of a discrete iteration map can be characterized
using its fixed points. A fixed point of a map is the point that maps
to itself in its domain. The fixed point of the 2-D memristive map,
denoted as (x∗, q∗), is the solutions of the following equation:

x∗ = F (μ, x∗) + k cos q∗ · x∗
q∗ = q∗+ x∗. (4)

Clearly, two specific cases can be divided.
First, when F(μ, 0)= 0, the memristive map model has infinite

fixed points and these fixed points can be expressed as

S = (x∗, q∗) = (0, η) (5)

where η represents an arbitrary constant. The characteristic
polynomial is deduced from the Jacobian matrix at S as

P (λ) = (λ − 1)[λ − g(μ)− k cos η] (6)

where g(μ) = ∂F (μ, xn)/∂xn|xn=0. The eigenvalues λ1 and λ2

in (6) are thereby obtained as

λ1 = 1, λ2 = g(μ) + k cos η. (7)

If |λ1| < 1 and |λ2| < 1, the fixed points S in (5) are stable;
otherwise, they are unstable. As can be seen from (7), λ1 is
always on the unit circle, whereas λ2 could be inside or outside
the unit circle that depends on g(μ) and the initial state η of
the memristor inner state q. Therefore, the fixed points for the
memristive map model may be unstable or critical stable.

Second, when F(μ, 0) � 0, the memristive map model has
no fixed points. This is because (4) has no real solutions when
F(μ, 0) � 0. In this case, the memristive map model shows the
hidden periodic, chaotic, or hyperchaotic oscillation.

III. TWO-DIMENSIONAL MEMRISTIVE HYPERCHAOTIC MAPS

This section studies four examples of 2-D memristive maps
using several numerical measures and evaluates the dynamical
performance of the hyperchaotic sequences generated by these
memristive maps.

A. Examples of 2-D Memristive Maps

Three 2-D memristive maps can be yielded from (3) by setting
the 1-D chaotic map as the existing logistic map, sine map, or
tent map, respectively. The mathematical equations of these 2-D
memristive maps are described as

xn+1 = μxn(1− xn) + k cos qn · xn

qn+1 = qn + xn (8)

with F(μ, 0) = 0 and g(μ) = μ

xn+1 = μ sin(2πxn) + k cos qn · xn

qn+1 = qn + xn (9)

with F(μ, 0) = 0 and g(μ) = 2πμ, and

xn+1 =

{
μxn + k cos qn · xn, xn < 0.5

μ(1− xn) + k cos qn · xn, xn ≥ 0.5

qn+1 = qn + xn (10)

with F(μ, 0) = 0 and g(μ) = μ, respectively. The chaotic models
in (8)–(10) are called 2-D memristive logistic map (2D-MLM),
2-D memristive sine map (2D-MSM), and 2-D memristive tent
map (2D-MTM), respectively. Moreover, when coupling the
discrete memristor with a linear discrete map, a 2-D simple
memristive map, namely 2D-SMM, can be extended from (3)
as

xn+1 = μxn + k cos qn · xn

qn+1 = qn + xn (11)
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Fig. 3. For the memristive maps, the coupling strength-relied bifurcation diagrams of the states x and q (bottom) and finite-time LE spectra (top).
(a) For μ = 0.2, (x0, q0) = (0.2, 0.1), and numerical plots of 2D-MLM with k � [1.6, 2.1]. (b) For μ = −0.1, (x0, q0) = (0.8, 0.6), and numerical
plots of 2D-MSM with k � [1.25, 2.0]. (c) For μ = −0.6, (x0, q0) = (0.8, −0.8), and numerical plots of 2D-MTM with k � [1.3, 1.8]. (d) For μ = 0.5,
(x0, q0) = (1, 1), and numerical plots of 2D-SMM with k � [1.9, 2.4].

with F(μ, 0) = 0 and g(μ) = μ. Therefore, a total number of
four 2-D memristive maps are generated by coupling the discrete
memristor with four 1-D discrete maps.

Because F(μ, 0) = 0 in the aforementioned four 2-D mem-
ristive maps, they all have infinite fixed points given in (5).
Hence, their eigenvalues at the infinite fixed points can be
characterized by the two eigenvalues in (7). Besides, since all
these 2-D memristive maps can generate the hyperchaos, they
are also called 2-D memristive hyperchaotic maps. Note that the
control parameter μ and coupling strength k can be determined
according to the eigenvalues in (7), and the numerical plots in
Sections III-B and III-C.

B. Coupling Strength-Relied Bifurcations

When investigating the bifurcation diagrams of the 2-D mem-
ristive maps, we set the control parameter μ as a determined
value and the coupling strength k as an adjustable bifurcation
parameter. For the aforementioned four 2-D memristive maps,
the bifurcation diagrams of the states x and q, and finite-time
Lyapunov exponent (LE) spectra are numerically simulated and
demonstrated in Fig. 3, where the representative values of control
parameter μ and initial states (x0, q0) as well as the adjustable
intervals of coupling strength k are given in details. Note that
the LE spectra are computed using the Wolf’s Jacobian-based
method.

As can be observed from Fig. 3, all the four 2-D memristive
maps have hyperchaotic behaviors in the relatively wide param-
eter intervals and display the complex dynamical behaviors of

TABLE I
TWO-DIMENSIONAL MEMRISTIVE MAPS AND THEIR PARAMETERS, INITIAL

STATES, AND LES

period/quasiperiod, chaos, and periodic windows. In particular,
both the 2D-MLM in Fig. 3(a) and 2D-SMM in Fig. 3(d) have
the route to chaos in the same period-doubling way with the
change of their coupling strengths, whereas both the 2D-MSM
in Fig. 3(b) and 2D-MTM in Fig. 3(c) have the route to chaos in
the same quasi-periodic way with the increment of their coupling
strengths and can show quasi-periodic behaviors in different
parameter intervals.

C. Representative Hyperchaotic Attractors

The representative parameters, initial states, and related LEs
(LE1 and LE2) of the four 2-D memristive maps are summarized
in Table I. One can see that all the four 2-D memristive maps
have two positive LEs under these parameter and initial state
settings. This indicates that all these 2-D memristive maps are
hyperchaotic.
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Fig. 4. Phase plane plots of the representative hyperchaotic attractors
for the four 2-D memristive maps. (a) 2D-MLM with μ = 0.2, k = 2.08,
and (x0, q0) = (0.2, 0.1). (b) 2D-MSM with μ = −0.1, k = 1.88, and (x0,
q0) = (0.8, 0.6). (c) 2D-MTM with μ = −0.6, k = 1.78, and (x0, q0) =
(0.8, −0.8). (d) 2D-SMM with μ = 0.5, k = 2.33, and (x0, q0) = (1, 1).

Fig. 5. Hyperchaotic sequences generated by the four 2-D memristive
maps under the representative parameters and initial states listed in
Table I.

The phase plane plots of the four 2-D memristive maps under
these representative parameters and initial state settings listed in
Table I are obtained and displayed in Fig. 4. One can observe,
all hyperchaotic attractors possess complicated fractal structure.
The hyperchaotic attractor in Fig. 4(a) or (c) is merged into one
complete piece, whereas that in Fig. 4(b) or (d) is constructed by
two partially connected pieces. Correspondingly, the generated
hyperchaotic sequences for the four 2-D memristive maps are
depicted in Fig. 5, which are all disordered and aperiodic,
suitable for developing the application in the field of information
industry.

TABLE II
PERFORMANCE FOR HYPERCHAOTIC SEQUENCES OF

2-D MEMRISTIVE MAPS

DKY: Kaplan–Yorke dimension.

The performance of the hyperchaotic sequences that emerged
from the 2-D memristive maps is evaluated using the permuta-
tion entropy (PE) [29], spectral entropy (SE) [23], correlation
dimension (CorDim) [30], and Kaplan–Yorke dimension [31].
The length of all hyperchaotic sequences is determined as 105

and the computed results for these four hyperchaotic sequences,
as depicted in Fig. 5, are listed in Table II. As shown, these hyper-
chaotic sequences have the outstanding performance indicators,
which allow the 2-D memristive maps to be applicable to many
chaos-based applications. This indicates that the introducing
discrete memristor can greatly enhance the chaos complexity
of the original 1-D discrete map.

IV. MEMRISTOR INITIAL-BOOSTED DYNAMICS

Combined with the discrete memristor, the presented 2-D
memristive maps have infinite fixed points, resulting in the
coexistence of infinite attractors by the memritor initial boosting.

A. Memristor Initial-Boosting Mechanism

To demonstrate the dynamical mechanism of memristor
initial-boosted behavior, the 2-D memristive map model in (3)
can be rewritten as the following iterated equation form:

xn+1 = F (μ, xn) + k cos

(
q0 +

n−1∑
l=1

xl

)
· xn. (12)

For an integer number m, denote

q0 = q00 + 2mπ (13)

where q00 is a compensation initial state that satisfies the fol-
lowing requirement:

−π < q00 +

n−1∑
l=1

xl < π. (14)

Thus, one has

cos

(
q0 +

n−1∑
l=1

xl

)
= cos

(
q00 +

n−1∑
l=1

xl

)
. (15)

The result in (15) demonstrates the cyclic property of the
cosine memristance in (2).

The map model described by the difference equation in (12) is
cyclic about the memristor initial state q0. The cyclic property
can be proved from the invariance of the map model (12) by
the linear transformation (13). It turns out that the dynamical
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Fig. 6. For μ = −0.6, x0 = 0.8, and q0 = −0.8+2mπ (m = −2, −1,
0, 1) with k � [1.3, 1.8], memristor initial-boosted bifurcation diagrams
along the q-axis.

behaviors of the 2-D memristive maps are cyclically changed
with the periodic evolution of the memristor initial state q0 with
period 2π. Therefore, the 2-D memristive map described by (3)
is a boostable map induced by the memristor initial state along
the memristor state direction.

B. Memristor Initial-Boosted Bifurcations

Take 2D-MTM as an example to exhibit the memristor initial-
boosted bifurcation behaviors. For the sake of intuition, the cou-
pling strength-relied bifurcation diagrams of the memristor state
q of 2D-MTM are numerically simulated under some specific
memristor initial states, as shown in Fig. 6, whereμ=−0.6, x0=
0.8, q0=−0.8+ 2mπ (m=−2,−1, 0, 1), and k � [1.3, 1.8]. One
can find that the bifurcation diagrams for these specific memris-
tor initial states have the same bifurcation structure. This means
that the coupling strength-relied bifurcation behaviors can be
completely boosted in the dynamic amplitudes by the memristor
initial states with period 2π, which well verify the feasibility
of the aforementioned theoretical analysis. Particularly, when
m goes to infinity, infinitely many memristor initial-boosted
bifurcations are emerged on the dimension q, leading to the
coexistence of infinitely many attractors in 2D-MTM.

As illustrated in Table I and Figs. 4 and 5, the representa-
tive parameters of 2D-MTM are determined as μ = −0.6 and
k = 1.78. To inspect the dynamical effects of each initial state
in 2D-MTM, we draw the local attraction basin in the x0–q0
plane and show the result in the bottom of Fig. 7. Meanwhile, an
example of the memristor initial-relied bifurcation diagram for
fixed x0 = 0.8 is considered and the result is plotted at the top
of Fig. 7. As can be seen, the local attraction basin has complex
manifold structures and basin boundaries, and the color-painted
blocks labeled from m = −3 to m = 2 indicate six attracting
regions of hyperchaotic attractors that are 2π apart from each
other. In addition, the yellow region represents the stable point
attractor and the white region stands for the unbounded behavior.
The numerical results in Fig. 7 manifest that the dynamical
behaviors in 2D-MTM are strongly relied on the initial state

Fig. 7. For μ = −0.6 and k = 1.78, the local attraction basin with
q0 � [−15, 15] and x0 � [−2, 2] (bottom), and memristor initial-relied
bifurcation diagram of the memristor state q with fixed x0 = 0.8 (top).

Fig. 8. Memristor initial-controlled hyperchaotic sequences of 2D-
MTM, demonstrating the amplitude-switched robust hyperchaos by the
memristor initial state.

of the memristor. These fantastic results can be extended to the
other 2-D memristive hyperchaotic maps as well.

C. Memristor Initial-Controlled Hyperchaotic Sequences

Following the results given in Figs. 6 and 7, the hyperchaotic
sequences generated from 2D-MTM under the specific parame-
ter settings can be controlled in the dynamic amplitudes by the
memristor initial states with period 2π. For fixed μ = −0.6, k
= 1.78, and x0 = 0.8, when the memristor initial states are set
to q0 = −0.8 + 2mπ (m = −2, −1, 0, 1), four hyperchaotic
sequences are generated from 2D-MTM, which are plotted in
Fig. 8. The numerical results imply that the dynamic amplitudes
of the hyperchaotic sequences can be controlled by switching
the memristor initial states.

Similar to the hyperchaotic sequences of the 2-D memris-
tive maps, the performance of the memristor initial-controlled
hyperchaotic sequences generated from the 2D-MTM can be
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TABLE III
PERFORMANCE FOR INITIAL-CONTROLLED HYPERCHAOTIC SEQUENCES

evaluated by employing the Wolf’s Jacobian-based LEs (LE1

and LE2), PE [29], SE [23], and CorDim [30] as well. The
computed results for the four hyperchaotic sequences in Fig. 8
are listed in Table III. As can be observed, the memristor
initial-controlled hyperchaotic sequences have almost the same
values for different performance indictors. The tiny differences
are caused by numerical simulation errors. This indicates that
the hyperchaotic sequences generated from the 2D-MTM can
be nondestructively controlled by the memristor initial state and
that the memristor initial-controlled hyperchaos is robust.

V. HARDWARE IMPLEMENTATION

This section implements the 2-D memristive hyperchaotic
maps in a hardware platform.

Based on a pony-size and low-cost microcontroller, a hard-
ware platform is developed to implement the 2-D memristive
hyperchaotic maps. The hardware platform contains 16-bit mi-
crocontroller MSP430F149, 12-bit D/A converter TLV5638, and
other peripheral circuits. The microcontroller is used for imple-
menting the 2-D memristive hyperchaotic maps and the D/A
converter provides the corresponding analog voltage signals.

According to the four mathematical models given by (8)–
(11), we first implement the 2-D memristive hyperchaotic maps
using C language and then download the software codes to
the microcontroller. The parameters and initial states are set
as the representative values given in Tables I and III. After
preloading the representative parameters and initial states to the
hardware platform, and running the program software in the
microcontroller, the four-channel hyperchaotic voltage signals
of the 2-D memristive hyperchaotic maps can be synchronously
generated.

Fig. 9 shows the snapshot of our experimental prototype.
Corresponding to the numerical results shown in Figs. 5 and
8, the generated four-channel hyperchaotic voltage signals are
displayed on the digital oscilloscope, as shown in Fig. 10. It
shows that two sets of four-channel hyperchaotic sequences
oscillate in different dynamic ranges that are preprocessed by the
software. The experimental results demonstrate the feasibility of
the hardware implementation for the presented 2-D memristive
hyperchaotic maps.

VI. APPLICATION OF SECURE COMMUNICATION

This section applies the 2-D memristive hyperchaotic maps
to secure communication.

Since the chaotic systems have the properties of ergodicity
and unpredictability, they can be used to securely transmit data

Fig. 9. Experimental prototype of the microcontroller-based hardware
platform and captured four-channel hyperchaotic sequences of 2D-
MTM.

Fig. 10. Experimentally measured hyperchaotic sequences from the
hardware platform. (a) Hyperchaotic sequences generated by four
2-D memristive maps. (b) Memristor initial-controlled hyperchaotic se-
quences of 2D-MTM.

[32]. When chaotic systems are used in secure communication,
their dynamical performance highly determines the transmission
performance. Because our 2-D memristive hyperchaotic maps
have complex dynamical properties, they are suitable for this
application. To demonstrate this property, we apply them to a
secure communication scheme, i.e., the RM-DCSK [27], and
investigate the performance of the communication scheme in
defending the transmission noise.
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Fig. 11. Structure of the sender in the RM-DCSK.

The RM-DCSK includes the sender and receiver parts. The
detailed structure of the sender of the RM-DCSK is plotted
in Fig. 11. The chaos generator is a chaotic system and it
generates chaotic sequences with given initial states. One part of
chaotic sequences is directly encoded with the information bits
and the other part of chaotic sequences is combined with the
encoded results. Then the final transmitted signal is generated
by switching the time. The mathematical description about the
generation of the transmitted signal is as follows. Suppose Sk is
an N-length chaotic sequence and Sk = {si|2kN< i≤ (2k+1)N},
where N is an integer number called the spread factor. Then the
transmitted signal in the kth frame can be generated as

ti =

{
b2ksi, 2kN < i ≤ (2k + 1)N

b2k+1b2ksi−N + si, (2k + 1)N < i ≤ 2(k + 1)N
.

(16)

The chaotic output si has the property that

s(2k+1)N+m = s2(k+1)N+m, ∀k ∈ {0, ± 1, ± 2, . . .}. (17)

From the generation process of the transmitted signal, one
frame embeds two bits of information. The first bit is encoded
using an N-length chaotic sequence Sk directly, while the second
bit is encoded using the chaotic sequence Sk and Sk+1. Because
the sender encodes the information in a continuous way, an N
delay is required when encoding two bits of information in one
frame.

The receiver decodes the received signal from the sender.
Since most of the physical transmission channels are noisy
channels, the received signals may be blurred by the noise and
thereby is different from the transmitted signals in the sender.
Suppose the recovered signal ri is represented as ri = ti+ni,
where ni is the noise part. The correlator Cm for decoding the
information bit bm is calculated by adding the multiplication of
ri with its N delayed value, namely

Cm =

(m+1)N∑
i=mN+1

riri−N . (18)

Thus, the correlator for the information bit b2k is calculated
as

C2k =

(2k+1)N∑
i=2kN+1

(ti + ni)(ti−N + ni−N )

=

(2k+1)N∑
i=2kN+1

(b2ksi+ni)(b2k−1b2(k−1)si−2N+si−N+ni−N ).

(19)

In view of the fact that si−N = si in the encoding process, the
above-mentioned correlator can be rewritten as

C2k =

(2k+1)N∑
i=2kN+1

(b2ksi+ni)(b2k−1b2(k−1)si−2N+si + ni−N )

= b2k

(2k+1)N∑
i=2kN+1

s2i +R(ni, ni−N ) (20)

where R(ni, ni−N) is the remainder and

R(ni, ni−N ) =

(2k+1)N∑
i=2kN+1

(b2kb2k−1b2(k−1)sisi−2N+b2ksini−N )

+

(2k+1)N∑
i=2kN+1

(b2k−1b2(k−1)si−2Nni + sini + nini−N ). (21)

Because the chaotic sequence si is uniformly distributed and
the noise has far less energy than the transmitted data, the re-
mainder R(ni, ni−N) contributes less to the sign of the correlator
C2k than the information part. Then the sign of the correlator is
determined by the transmitted bit b2k. Similarly, the signal of
C2k+1 is determined by the transmitted bit b2k+1. Thus, the bit
bm can be decoded as

bm =

{
1, ifCm > 0

−1, ifCm ≤ 0
. (22)

Our experiments use the four presented memristive hyper-
chaotic maps as the chaos generator to simulate the RM-DCSK.
Because most of the physical transmission channels contain
the Gaussian noise, we simulate the RM-DCSK in the additive
white Gaussian noise environment, and calculate the BERs of
the RM-DCSK in different noise strengths and spread factors.
The initial states and control parameters (x0, q0, μ, k) for the
presented 2D-MLM, 2D-MSM, 2D-MTM, and 2D-SMM are
set as (0.2, 0.1, 0.2, 2.08), (0.8, 0.6, −0.1, 1.88), (0.8, −0.8,
−0.6, 1.78), and (1, 1, 0.5, 2.33), respectively, while the initial
states and control parameters (x0, μ) for the classical logistic,
sine, and tent maps are set as (0.2, 3.68), (0.2, 0.93), and (0.2,
1.49). These parameter settings can ensure that all the discrete
maps have chaotic behaviors.

Two groups of experiments are tested. The first group tests the
BERs of the RM-DCSK in different noise strengths. Specifically,
simulate the RM-DCSK using every chaotic map under the
signal-noise-rate (SNR) strength SNR � {0, 1, 2, …, 30} by
fixing the spread factor N = 50, and then calculate the BERs
between the decoded data in the receiver and the encoded data in
the sender. Fig. 12(a) shows the experimental results. As shown,
when the noise strength is strong, the RM-DCSK using all the
chaotic maps can achieve the similar BERs, with the increment
of the SNR, the proposed 2D-MLM, 2D-MSM, 2D-MTM, and
2D-SMM can achieve far smaller BERs than the three classical
1-D chaotic maps. The other group of experiments tests the BERs
of the RM-DCSK in different spread factor N. Specifically, sim-
ulate the RM-DCSK using every chaotic map when the spread
factor N � {10, 20, …, 100} by fixing the noise strength SNR =
25, and then calculate the BERs between the decoded data and
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Fig. 12. BERs of the RM-DCSK using different chaotic maps when (a)
spread factor N = 50 and noise strength SNR � {0, 1, 2, …, 30}, and
(b) SNR = 25 and N � {10, 20, …, 100}.

the encoded data. Fig. 12(b) plots the experimental results. One
can obverse that the RM-DCSK using the presented 2-D mem-
ristive hyperchaotic maps can obtain much smaller BERs than
using the existing 1-D chaotic maps. To be sure, when applying
the chaotic maps in secure communication, the distribution of the
generated chaotic sequences can greatly affect the transmission
efficiency. Since the 2-D memristive hyperchaotic maps have
quite complex dynamics, they can generate chaotic sequences
with uniform distribution. Thus, they are more suitable for the
secure communication application than some 1-D chaotic maps.

VII. CONCLUSION

The memristor is a fundamental circuit component with spe-
cial nonlinearity and synaptic plasticity. While introducing the
memristor into a chaotic oscillating circuit, the memristor can
make the circuit achieve complex dynamics, such as initials-
dependent multistability. To extend the memristor to discrete
chaotic systems, this article presented a discrete memristor and
constructed four 2-D memristive hyperchaotic maps by coupling
the discrete memristor with four existing 1-D discrete maps.
Because of the existence of the infinite fixed points, these
2-D memristive maps could exhibit the coupling strength-relied
and memristor initial-boosted complex dynamics. The analy-
sis results showed that the discrete memristor could enhance
the chaos complexity and these 2-D memristive maps could
generate the hyperchaos. Notably, the hyperchaotic sequences

could nondestructively be controlled by the memristor initial
state. These properties allow the memristive hyperchaotic maps
to have many application merits. Besides, a hardware platform
was developed to implement these memristive maps. It could
synchronously provide the four-channel hyperchaotic voltage
signals. To demonstrate their applications, these memristive
maps were applied to designing RM-DCSK. The performance
analyses showed that the memristive maps were suitable for
the application of secure communication. With the outstanding
performance indictors, these generated hyperchaotic sequences
can also be used for designing the pseudorandom numbers
(PRNs) with high randomness [11], [33]. Of course, it is well
worth studying the applications of the discrete memristor and
memristive map-based PRNs in many other information in-
dustry scenarios, such as image encryptions [34] and secure
communications.
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